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Abstract
The infrared behavior of the gluon and ghost propagators is studied in SU(2) Euclidean Yang-Mills theory
in the maximal Abelian gauge within the Gribov-Zwanziger framework. The nonperturbative effects associated
with the Gribov copies and with the dimension two condensates are simultaneously encoded into a local and
renormalizable Lagrangian. The resulting behavior turns out to be in good agreement with the lattice data.
1 Introduction
The study of the infrared behavior of the gluon and ghost propagators has been the object of intensive investi-
gations in recent years. Albeit not gauge invariant, these correlation functions enable us to probe the reliability
of the various approaches which give rise to our current understanding of the behavior of Yang-Mills theories in
the infrared, a task which is far from being achieved. This is due to the fact that propagators are the simplest
Green’s functions allowing us to evaluate in analytic form certain nonperturbative effects expected to be relevant in
the infrared. Moreover, the lattice community has been able to develop accurate algorithms for a nonperturbative
numerical study of the gluon and ghost propagators, which can be now analyzed on huge lattices, allowing therefore
for a comparison between analytical and numerical results. Evidently, a qualitative agreement might be very en-
couraging in pursuing further investigations of our theoretical frameworks. We also underline that this possibility is
not restricted to a particular gauge. Nowadays, the gluon and ghost propagators can be studied from both theoret-
ical and numerical viewpoints in several gauges as, for example, the Landau, Coulomb and maximal Abelian gauge.
In this paper we focus on the gluon and ghost propagators in the maximal Abelian gauge [1, 2, 3], which we
are investigating since several years [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14]. In our previous works we have provided
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analytical evidence of nonperturbative effects which should be taken into account when facing the various features
displayed by this gauge, such as the dual superconductivity picture for color confinement [15] and the Abelian
dominance hypothesis [16, 17, 18, 19]. It turns out that these nonperturbative effects can be accounted for by a
set of dimension two operators which can be consistently introduced in the Yang-Mills action.
As other Lorentz covariant gauges, the maximal Abelian gauge is plagued by the existence of Gribov copies [20],
requiring that the domain of integration in the Feynman path integral has to be suitably restricted to the so called
Gribov region [21]. As discussed in [10, 13], this restriction can be implemented by introducing a dimension two
nonlocal operator, known as the horizon function, namely
Shor = γ
4g2
∫
d4x εabAµ
(
M−1
)ac
εcbAµ , (1)
where γ is the Gribov parameter1 and
(
M−1
)ab
is the inverse of Faddeev-Popov operator
Mab = −Dacµ D
cb
µ − g
2εacεbdAcµA
d
µ , (2)
with Aµ and A
a
µ being the diagonal and off-diagonal components of the gauge field, respectively, i.e. Aµ = A
3
µ
and a = 1, 2. Expression (1) generalizes to the maximal Abelian gauge the horizon function already obtained by
Zwanziger [22, 23] in the Landau gauge. The nonlocal operator (1) can be localized by means of the introduction
of a set of auxiliary fields (φ¯ai , φ
a
i , ω¯
a
i , ω
a
i ), so that the resulting action enjoys renormalizability [10, 13].
In addition of the horizon function, other dimension two operators have been investigated. Our results have
given support to the fact that the preferred vacuum state is that in which those operators condense, i.e. they
develop a nonvanishing vacuum expectation value, lowering the vacuum energy of the theory. The first dimension
two operator which has been studied is the gluon operator AaµA
a
µ. This operator turns out to be multiplicatively
renormalizable [24, 7] and its condensation, i.e. 〈AaµA
a
µ〉 6= 0, gives rise to a dynamical mass generation for off-
diagonal gluons [8], in agreement with the Abelian dominance hypothesis. As second example of dimension two
operator let us quote the ghost operator εabc¯acb, where c¯a, ca denote the off-diagonal Faddeev-Popov ghosts. This
operator is responsible for the spontaneous breaking of the global SL(2,R) symmetry present in the ghost sector
of the maximal Abelian gauge. It has been investigated by several authors [25, 26, 5, 27], see for instance ref.[14]
for a recent analysis of its renormalizability as well as of its condensation. The third dimension two operator which
we shall consider is given by (φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca). It generalizes to the maximal Abelian gauge the operator
introduced recently in the case of the Landau gauge [28]. It reflects the nontrivial dynamics developed by the
interacting auxiliary fields (φ¯ai , φ
a
i , ω¯
a
i , ω
a
i ) needed to localize the horizon term (1).
However, so far, these dimension two operators have not yet been analyzed simultaneously, a necessary step in
order to get a more precise idea of their relevance in the infrared. This was due to the nontrivial task of explicitly
constructing them, as in the case of the horizon function, eq.(1), as well as to the need of establishing their renor-
malizability properties. The aim of this paper is that of filling this gap, by presenting a detailed analysis of the
gluon and ghost propagators when all these dimension two operators are present in the starting action. In a sense,
the present work can be seen as a kind of summary of our efforts towards a better understanding of the infrared
behavior of the gluon and ghost propagators in the maximal Abelian gauge.
The output of our results can be summarized as follows:
• when all dimension two operators are simultaneously taken into account, the resulting local action remains
renormalizable. This nontrivial feature is due to the large set of Ward identities which can be established
when all operators are present.
• the resulting behavior of the gluon and ghost propagators turns out to be in remarkable agreement with
the available lattice data [29, 30, 31]. It is worth underlining that all dimension two operators affect the
propagators. In other words, such a behavior of the gluon and ghost propagators can be obtained only when
the dimension two operators are simultaneously taken into account.
1We remind that the Gribov parameter γ is not a free parameter. It is determined by the gap equation δΓ
δγ
= 0, where Γ is the 1PI
quantum effective action evaluated by taking as starting point the Yang-Mills action with the addition of the horizon term [22, 23]. As
such, the parameter γ can be expressed in terms of the gauge coupling constant and of the invariant scale ΛQCD .
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The work is organized as follows. In order to provide a more easy reading of the paper, in Sect.2 we give a general
overview of our results about the gluon and ghost propagators, providing a comparison with the recent lattice data.
In Sect.3 we present a detailed discussion of the inclusion in the starting action of the aforementioned dimension
two operators. In Sect.4 we derive the set of Ward identities fulfilled by the complete action. In Sect.5 we address
the issue of the renormalizability of the model. Sect.6 collects our conclusion.
2 Summary of the results
2.1 Notation
Let us start by briefly reminding the standard notation in the case of the maximal Abelian gauge. The gauge field
Aµ is decomposed as
Aµ = A
A
µT
A ≡ AaµT
a +AµT
3 . (3)
The generator T 3 stands for the diagonal generator of the U(1) Cartan subalgebra of SU(2), while the index
a = 1, 2 labels the remaining off-diagonal generators {T a}.
Accordingly, the field strength decomposes as
F aµν = D
ab
µ A
b
ν −D
ab
ν A
b
µ ,
F 3µν ≡ Fµν = ∂µAν − ∂νAµ + gε
abAaµA
b
ν ,
εab ≡ ε3ab , (4)
where we have introduced the covariant derivative Dabµ with respect to the diagonal components Aµ of the gauge
field, namely
Dabµ ≡ δ
ab∂µ − gε
abAµ . (5)
2.2 The tree level gluon and ghost propagators
We collect here our results for the gluon and ghost propagators.
• The off-diagonal gluon propagator:
the transverse off-diagonal gluon propagator turns out to be of the Yukawa type
〈Aaµ(−k)A
b
ν(k)〉 =
1
k2 +m2
(
δµν −
kµkν
k2
)
δab , (6)
where m is the dynamical mass originating from the condensation of the gluon operator [8]
OA2 =
1
2A
a
µA
a
µ . (7)
This behavior has been reported in lattice simulations [29, 30, 31]. It supports the Abelian dominance hy-
pothesis, according to which the off-diagonal gluons should acquire a sufficiently large dynamical mass which
decouple them at low energies.
• The diagonal gluon propagator:
for the diagonal gluon propagator we have obtained an infrared suppressed propagator of the Gribov-Stingl
type, namely
〈Aµ(−k)Aν(k)〉 =
k2 + µ2
k4 + µ2k2 + 4γ4g2
(
δµν −
kµkν
k2
)
, (8)
3
where γ is the Gribov parameter and µ is a mass parameter related to the condensation of the operator [32]
Of¯f = (φ¯
a
i φ
a
i − ω¯
a
i ω
a
i − c¯
aca) . (9)
We observe that expression (8) does not vanish at the origin, in full agreement with the recent numerical
data [31]. It gives rise to a positivity violating propagator in configuration space, a feature usually interpreted
as evidence for gluon confinement.
Moreover, it is worth to point out that the diagonal gluon propagator, (8), can be naturally rewritten in
terms of a power-law dynamical running mass of the type
〈Aµ(−k)Aν(k)〉 =
1
k2 +M2(k)
(
δµν −
kµkν
k2
)
, (10)
where
M2(k) =
4γ4g2
k2 + µ2
. (11)
Expression (10) is in accordance with the definition firstly envisaged in references [33, 34] and subsequently
found in the operator product expansion (OPE) approach by [35], and later in Schwinger-Dyson equations
by [36].
• The symmetric off-diagonal ghost propagator:
for the symmetric off-diagonal ghost propagator we have found
〈c¯a(−k)cb(k)〉symm =
k2 + µ2
k4 + 2µ2k2 + (µ4 + v4)
δab , (12)
where v is a mass parameter related to the condensation of the ghost operator [14]
Oghost = gε
abc¯acb . (13)
Notice that expression (12) is suppressed in the infrared and attains a nonvanishing finite value at k = 0.
Again, this behavior agrees with that reported in [31].
• The antisymmetric off-diagonal ghost propagator:
finally, for the antisymmetric off-diagonal ghost propagator we have
〈c¯a(−k)cb(k)〉antisymm =
v2
k4 + 2µ2k2 + (µ4 + v4)
εab . (14)
As expected, this behavior is a consequence of the ghost condensate [14], 〈εabc¯acb〉 ∼ v2, being in agreement
with [31].
In summary, the behavior shown above for the gluon and ghost propagators turns out to be in remarkable agreement
with the most recent lattice data, as reported in [31]. This can be taken as a useful indication of the fact that
the aforementioned dimension two operators play a relevant role in the infrared. Let also underline that all mass
parameters, (m, γ, µ, v), entering the gluon and ghost propagators are not free parameters, being determined in a
dynamical way as solutions of gap equations, obtained by minimizing the vacuum energy, see for instance refs.[14, 8]
for an estimate of the values of m and v at one-loop order. As such, all parameters will get proportional to the
unique scale of the theory, i.e. (m, γ, µ, v) ∝ ΛQCD.
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3 Identification of the complete classical action
3.1 The Yang-Mills action and the gauge fixing term
In order to obtain the complete classical action, let us start by specifying the gauge fixing term, namely
S0 = SYM + SMAG , (15)
where SYM is the Yang-Mills action in Euclidean spacetime
SYM =
1
4
∫
d4x
(
F aµνF
a
µν + FµνFµν
)
, (16)
with F aµν , Fµν and D
ab
µ given in eqs.(4),(5). The term SMAG in expression (15) stands for the gauge fixing term of
the maximal Abelian gauge, being given by
SMAG =
∫
d4x
[
ibaDabµ A
b
µ − c¯
aMabcb + gεabc¯a(Dbcµ A
c
µ)c+ ib ∂µAµ + c¯ ∂µ(∂µc+ gε
abAaµc
b)
]
, (17)
where (ba, b) are the off-diagonal and diagonal Lagrange multipliers enforcing the gauge conditions, given by
Dabµ A
b
µ = 0 and ∂µAµ = 0. The fields (c
a, c¯a, c, c¯) are the off-diagonal and diagonal Faddeev-Popov ghosts,
respectively, and Mab denotes the Faddeev-Popov operator
Mab = −Dacµ D
cb
µ − g
2εacεbdAcµA
d
µ . (18)
The action (15) is left invariant by the nilpotent BRST transformation
s2 = 0 , (19)
sAaµ = −(D
ab
µ c
b + gεabAbµc) , sAµ = −(∂µc+ gε
abAaµc
b) ,
sca = gεabcbc , sc = g2ε
abcacb ,
sc¯a = iba , sc¯ = ib ,
sba = 0 , sb = 0 .
(20)
Notice that the gauge fixing term (17) can be written as a pure BRST variation
SMAG = s
∫
d4x
(
c¯aDabµ A
b
µ + c¯ ∂µAµ
)
. (21)
3.2 Introduction of the horizon function, localization, and softly broken BRST in-
variance
As already mentioned, the maximal Abelian gauge is affected by the existence of Gribov copies, which have to be
taken into account in order to properly quantize the theory. To deal with this problem it is necessary to restrict the
domain of integration in the Feynman path integrals to the so-called Gribov region Ω. In the case of the maximal
Abelian gauge, this region is defined as [10, 13]
Ω = {(Aaµ, Aµ), D
ab
µ A
b
µ = 0, ∂µAµ = 0, M
ab = −Dacµ D
cb
µ − g
2εacεbdAcµA
d
µ > 0 } . (22)
The restriction of the domain of integration is achieved through the introduction of the horizon function Shor,
eq.(1). Therefore, for the partition function we write [10, 13]
Z =
∫
[dA][db][dc¯][dc] e−(SYM+SMAG+Shor) . (23)
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The nonlocal term Shor can be localized by means of a pair of complex vector bosonic fields, (φ
ab
µ , φ¯
ab
µ ) according
to
e−Shor =
∫
[dφ¯][dφ] (detM)8 exp
{
−
∫
d4x
[
φ¯abµ M
acφabµ + γ
2gεab
(
φabµ − φ¯
ab
µ
)
Aµ
]}
, (24)
where the determinant, (detM)
8
, takes into account the Jacobian arising from the integration over the fields
(φabµ , φ¯
ab
µ ). This term can also be localized by means of a pair of complex vector anticommuting fields (ω
ab
µ , ω¯
ab
µ ),
namely
(detM)8 =
∫
[dω¯][dω] exp
(∫
d4x ω¯abµ M
acωcbµ
)
. (25)
Therefore, the horizon function gives place to a local term SLocal, namely
e−Shor =
∫
[dφ¯][dφ][dω¯][dω] e−SLocal ,
SLocal =
∫
d4x
[
φ¯abµ M
acφcbµ − ω¯
ab
µ M
acωcbµ + γ
2gεab
(
φabµ − φ¯
ab
µ
)
Aµ
]
. (26)
Following [22, 23], we introduce the BRST transformations of the localizing fields (φabµ , φ¯
ab
µ ) and (ω
ab
µ , ω¯
ab
µ ) as
sφabµ = ω
ab
µ , sω
ab
µ = 0 ,
sω¯abµ = φ¯
ab
µ , sφ¯
ab
µ = 0 .
(27)
It should be noted, however, that expression SLocal does not exhibit BRST invariance, which turns out to be broken
by soft terms proportional to the Gribov parameter γ. In fact
s
∫
d4x γ2gεab
(
φabµ − φ¯
ab
µ
)
Aµ = γ
2g
∫
d4x
[
εabωabµ Aµ − ε
ab
(
φabµ − φ¯
ab
µ
)
(∂µc+ gε
mnAmµ c
n)
]
. (28)
Nevertheless, as in the case of the Landau gauge [22, 23, 37], the soft breaking (28) does not spoil the renormaliz-
ability of the theory [10, 13]. This remarkable feature relies on the possibility of extending to the maximal Abelian
gauge the same procedure outlined by Zwanziger in the case of the Landau gauge [22, 23], amounting to embed
SLocal into a more general action, S
inv
Local, which enjoys exact BRST invariance, namely
SLocal → S
inv
Local , sS
inv
Local = 0 . (29)
Furthermore, as it will be shown below, the term SLocal can be easily recovered from S
inv
Local. The manifest BRST
invariant action SinvLocal is found to be [10, 13]
SinvLocal = s
∫
d4x
(
ω¯abµ M
acφcbµ − N¯
ab
µνD
ac
µ φ
cb
ν +M
ab
µνD
ac
µ ω¯
cb
ν
)
=
∫
d4x
{
φ¯abµ M
acφcbµ − ω¯
ab
µ M
acωcbµ + ω¯
ab
µ F
acφcbµ + M¯
ab
µνD
ac
µ φ
cb
ν +N
ab
µνD
ac
µ ω¯
cb
ν
+N¯abµν [D
ac
µ ω
cb
ν + gε
ac(∂µc+ gε
deAdµc
e)φcbν ] +M
ab
µν [D
ac
µ φ¯
cb
ν + gε
ac(∂µc+ gε
deAdµc
e)ω¯cbν ]
}
, (30)
where
Fab = 2gεac(∂µc+ gε
deAdµc
e)Dcbµ + gε
ab∂µ(∂µc+ gε
cdAcµc
d)− g2(εacεbd + εadεbc)Adµ(D
ce
µ c
e + gεceAeµc) , (31)
and the external sources (Mabµν , M¯
ab
µν), (N
ab
µν , N¯
ab
µν) transform as
sMabµν = N
ab
µν , sN
ab
µν = 0 ,
sN¯abµν = −M¯
ab
µν , sM¯
ab
µν = 0 .
(32)
In order to reobtain SLocal by the BRST invariant action S
inv
Local we first take the physical limits of the external
sources (Mabµν , M¯
ab
µν), (N
ab
µν , N¯
ab
µν), which are defined by [10, 13]
Mabµν
∣∣∣
phys
= −M¯abµν
∣∣∣
phys
= −δabδµνγ
2 ,
Nabµν
∣∣∣
phys
= −N¯abµν
∣∣∣
phys
= 0 ,
(33)
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and then perform a shift in the variable ωabµ as [10, 13]
ωabµ → ω
ab
µ +
(
M−1
)ac [
Fcdφdbµ + γ
2gεcb(∂µc+ gε
deAdµc
e)
]
, (34)
so that
SinvLocal
∣∣∣
phys
= SLocal . (35)
Thus, we consider the following action
S1 = S0 + S
inv
Local , (36)
which enjoys the property of being BRST invariant,
sS1 = 0 . (37)
3.3 Inclusion of the quartic ghost term
Albeit BRST invariant, the action S1 is not yet the most general classical action to start with. The nonlinearity
of the gauge condition, Dabµ A
b
µ = 0, requires the introduction of a quartic term in the Faddeev-Popov ghost fields
g2
2
c¯acac¯bcb , (38)
which is in fact needed for renormalization purposes. In our case, due to the presence of the localizing fields
(φabµ , φ¯
ab
µ , ω
ab
µ , ω¯
ab
µ ), the quartic ghost term is introduced in a BRST invariant way through the following invariant
action Sα
Sα = −
α
2
s
∫
d4x
[
c¯aiba − gεabc¯ac¯bc+ g2ω¯abµ φ
ab
µ
(
φ¯cdν φ
cd
ν − ω¯
cd
ν ω
cd
ν
)
− 2g2ω¯acµ φ
ac
µ c¯
bcb
]
=
α
2
∫
d4x
[
baba + 2igεabbac¯bc− g2
(
φ¯abµ φ
ab
µ − ω¯
ab
µ ω
ab
µ − c¯
aca
) (
φ¯cdν φ
cd
ν − ω¯
cd
ν ω
cd
ν − c¯
ccc
)
−2ig2ω¯acµ φ
ac
µ b
bcb + 2g3ω¯acµ φ
ac
µ ε
bdc¯bcdc
]
, (39)
where α is a gauge parameter, which has to be set to zero after the renormalization procedure. In fact, introducing
the action S2 as
S2 = S1 + Sα , (40)
it follows that the equation of motion of the off-diagonal Lagrange multiplier ba gets modified according to
δS2
δba
= iDabµ A
b
µ + α
(
ba + igεabc¯bc− ig2ω¯bcµ φ
bc
µ c
a
)
. (41)
Therefore, one can see that the gauge condition of the maximal Abelian gauge, Dabµ A
b
µ = 0, is attained in the limit
α → 0, which has to be taken after the removal of the ultraviolet divergences. We also remark that the whole
term Sα vanishes in the limit α→ 0, allowing us to integrate out the localizing fields (φ
ab
µ , φ¯
ab
µ , ω
ab
µ , ω¯
ab
µ ), and thus
recovering the horizon function (1).
3.4 The global U(8) symmetry
In addition to the BRST invariance the action S2 displays a global U(8) [10, 13] symmetry expressed by
Qabµν S2 = 0 , (42)
with
Qabµν =
∫
d4x
(
φcaµ
δ
δφcbν
− φ¯cbν
δ
δφ¯caµ
+ ωcaµ
δ
δωcbν
− ω¯cbν
δ
δω¯caµ
+M caσµ
δ
δM cbσν
− M¯ cbσν
δ
δM¯ caσµ
+N caσµ
δ
δN cbσν
− N¯ cbσν
δ
δN¯ caσµ
)
.
(43)
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A b c¯ c φ φ¯ ω ω¯ M M¯ N N¯
dim 1 2 2 0 1 1 1 1 2 2 2 2
gh. number 0 0 −1 1 0 0 1 −1 0 0 1 −1
Q8-charge 0 0 0 0 1 −1 1 −1 1 −1 1 −1
Table 1: Quantum numbers of the fields and sources
The presence of the global invariance U(8) means that one can make use [10, 13] of the composite index i ≡ (a, µ),
i = 1, . . . , 8. Therefore, setting
(φabµ , φ¯
ab
µ , ω
ab
µ , ω¯
ab
µ ) = (φ
a
i , φ¯
a
i , ω
a
i , ω¯
a
i ) , (44)
and
(Mabµν , M¯
ab
µν , N
ab
µν , N¯
ab
µν) = (M
a
µi, M¯
a
µi, N
a
µi, N¯
a
µi) , (45)
we can write S2 as
S2 = SYM + SMAG +
∫
d4x
{
φ¯aiM
abφbi − ω¯
a
iM
abωbi + ω¯
a
i F
abφbi + M¯
a
µiD
ab
µ φ
b
i +N
a
µiD
ab
µ ω¯
b
i
+N¯aµi[D
ab
µ ω
b
i + gε
ab(∂µc+ gε
cdAcµc
d)φbi ] +M
a
µi[D
ab
µ φ¯
b
i + gε
ab(∂µc+ gε
cdAcµc
d)ω¯bi ]
}
+
α
2
∫
d4x
[
baba + 2igεabbac¯bc− g2
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
) (
φ¯bjφ
b
j − ω¯
b
jω
b
j − c¯
bcb
)
−2ig2ω¯ai φ
a
i b
bcb + 2g3ω¯ai φ
a
i ε
bcc¯bccc
]
. (46)
For the symmetry generator we have
Qij =
∫
d4x
(
φai
δ
δφaj
− φ¯aj
δ
δφ¯ai
+ ωai
δ
δωaj
− ω¯aj
δ
δω¯ai
+Maµi
δ
δMaµj
− M¯aµj
δ
δM¯aµi
+Naµi
δ
δNaµj
− N¯aµj
δ
δN¯aµi
)
. (47)
By means of the trace of the operator Qij , i.e., Qii ≡ Q8, the i-valued fields turn out to possess an additional
quantum number, displayed in the Table 1, together with the mass dimension and the ghost number.
3.5 Introduction of external sources
In order to establish the set of Ward identities, we have first to properly define the nonlinear transformations of
the fields, as given in (20). To this purpose, we notice that the BRST transformation of the gauge field Aaµ can be
written as the sum of two composite operators, namely
sAaµ = O1 +O2 (48)
where,
O1 = −D
ab
µ c
b, O2 = −gε
abAbµc . (49)
Thanks to the fact that the BRST operator is nilpotent, i.e. s2 = 0, it follows that
sO1 = −sO2 . (50)
These two operators can be defined by means of a suitable set of external sources, (Ωaµ,K
a
µ, ξ
a
µ), as
S
(1)
ext =
∫
d4x
[
Ωaµ
(
−Dabµ c
b
)
+Kaµ
(
−gεabAµc
)
+ ξaµ s
(
−gεabAµc
)]
. (51)
To guarantee the BRST invariance of S
(1)
ext we require that
sξaµ = −(Ω
a
µ −K
a
µ) , sΩ
a
µ = sK
a
µ = 0 . (52)
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The nonlinear BRST transformations of the fields Aµ, c
a, c can be accounted for by the external sources Ωµ, L
a, L,
according to
S
(2)
ext = s
∫
d4x
[
−ΩµAµ + L
aca + Lc
]
=
∫
d4x
[
−Ωµ(∂µc+ gε
abAaµc
b) + gεabLacbc+
g
2
εabLcacb
]
, (53)
where we require that
sΩµ = 0 , sL
a = 0 , sL = 0 . (54)
Moreover, adding S
(1)
ext to S2 we obtain an action that is left invariant by the following transformations:
The δi symmetry: The δ¯i symmetry:
δic¯
a = φai , δ¯ic¯
a = ω¯ai ,
δiφ¯
a
j = δij c
a , δ¯iω
a
j = −δij c
a ,
δib
a = −igεabφbic , δ¯ib
a = −igεabω¯bi c ,
δiΩ
a
µ = M
a
µi , δ¯iΩ
a
µ = −N¯
a
µi .
(55)
As transformations (55) contain composite field operators, i.e., gεabφbic and gε
abω¯bc, we define them by means of
additional external sources (Y ai , X
a
i ) and (X¯
a
i , Y¯
a
i ), giving rise to two sets of BRST doublets
sY ai = X
a
i , sX
a
i = 0 ,
sX¯ai = −Y¯
a
i , sY¯
a
i = 0 ,
(56)
so that
S
(3)
ext = −s
∫
d4x gεab
(
X¯ai φ
b
ic− Y
a
i ω¯
b
i c
)
=
∫
d4x
[
gεabY¯ ai φ
b
ic− X¯
a
i
(
gεabωbi c+
g2
2
εabεcdφbic
ccd
)
+gεabXai ω¯
b
i c− Y
a
i
(
gεabφ¯bic−
g2
2
εabεcdω¯bi c
ccd
)]
. (57)
Therefore, for the most general invariant external source term which can be added to S2, we obtain
Sext = S
(1)
ext + S
(2)
ext + S
(3)
ext + χ
∫
d4x
(
M¯aµiM
a
µi + N¯
a
µiN
a
µi
)
, (58)
where the last term, which can be written as an exact BRST variation
χ
∫
d4x
(
M¯aµiM
a
µi + N¯
a
µiN
a
µi
)
= −χs
∫
d4x N¯aµiM
a
µi , (59)
is allowed by power counting and has to be added for renormalization purposes. Also, the parameter χ stands for
a free coefficient.
3.6 Introduction of dimension two operators
The last step towards the construction of the complete starting classical action is the introduction of the three
dimension two operators OA2 ,Of¯f and Oghost, eqs.(7),(9),(13). Let us start by considering the gluon operator
OA2(x) =
1
2 A
a
µ(x)A
a
µ(x). Introducing the BRST doublet of sources (λ, J) as
sλ = J , sJ = 0 , (60)
it turns out that OA2 can be introduced in a BRST invariant way, namely
SJ = s
∫
d4x λ
(
OA2 +
1
2ζ J
)
=
∫
d4x
(
JOA2 +
1
2ζ J
2 + λAaµD
ab
µ c
b
)
, (61)
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where ζ is a constant parameter needed to account for the ultraviolet divergences of the vacuum correlation function
〈(Aaµ(x)A
a
µ(x))(A
b
ν (y)A
b
ν(y))〉.
The operators Of¯f ,Oghost can be introduced in a similar way. More specifically, defining the BRST doublet
of sources (τ, σ) as
sτ = σ , sσ = 0 , (62)
the invariant term Sσ describing the coupling of Of¯f is given by
Sσ = s
∫
d4x τ
(
Of¯f +
1
2κσ + ρ J
)
=
∫
d4x
(
σOf¯ f +
1
2κσ
2 + ρ σJ − τ sOf¯f
)
, (63)
where κ and ρ are constant parameters, needed for renormalization purposes. Notice in fact that expression (63)
contains the mixing term σJ . This term, allowed by power counting, accounts for the ultraviolet divergences of
the mixed vacuum correlation function 〈(Aaµ(x)A
a
µ(x))(φ¯
b
i (y)φ
b
i (y)− ω¯
b
i (y)ω
b
i (y)− c¯
b(y)cb(y))〉.
Finally, the introduction of a third doublet of sources (η, θ)
sη = θ , sθ = 0 , (64)
allows us to introduce the ghost operator Oghost(x) = gε
abc¯a(x)cb(x), namely
Sθ = s
∫
d4x η
(
Oghost +
1
2β θ
)
=
∫
d4x
(
θOghost +
1
2β θ
2 − η sOghost
)
, (65)
where β is a constant parameter needed for the divergences of the correlation function 〈(εabc¯a(x)cb(x))(εmn c¯m(y)cn(y))〉.
Notice, however, that the ghost operator Oghost breaks the symmetries (55). Therefore, to maintain the symmetry
content of the theory is necessary to introduce two more BRST doubles of external sources,
sηi = −θi , sθi = 0 ,
sθ¯i = η¯i , sη¯i = 0 ,
(66)
and define an extra term given by
Sextra = s
∫
d4x gεab
(
θ¯iφ
a
i c
b − ηiω¯
a
i c
b
)
=
∫
d4x
[
gεab
(
η¯iφ
a
i c
b + ηiφ¯
a
i c
b + θ¯iω
a
i c
b + θiω¯
a
i c
b
)
− g2θ¯iφ
a
i c
ac+ g2ηiω¯
a
i c
ac
]
. (67)
3.7 The complete classical action
We are now ready to write down the complete classical action Σ, given by
Σ = Σ0 + Sextra ,
Σ0 = S2 + Sext + SJ + Sσ + Sθ ,
S2 = S1 + Sα ,
S1 = S0 + S
inv
Local ,
S0 = SYM + SMAG , (68)
where, SYM, SMAG, S
inv
Local, Sα, Sext, SJ , Sσ, Sθ, Sextra are given, respectively, by (16), (17), (30), (39), (58), (61),
(63), (65), (67). Thus, the complete classical action is
Σ = SYM + SMAG + S
inv
Local + Sα + Sext + SJ + Sσ + Sθ + Sextra , (69)
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or, explicitly, we have
Σ = SYM + s
∫
d4x
(
c¯aDabµ A
b
µ + c¯ ∂µAµ + ω¯
a
iM
abφbi − N¯
a
µiD
ab
µ φ
b
i +M
a
µiD
ab
µ ω¯
b
i
−gεabX¯ai φ
b
ic+ gε
abY ai ω¯
b
i c− Ω
a
µA
a
µ − gε
abξaµA
b
µc− ΩµAµ + L
aca + Lc− χN¯aµiM
a
µi
)
−
α
2
s
∫
d4x
[
c¯aiba − gεabc¯ac¯bc+ g2ω¯ai φ
a
i (φ¯
b
jφ
b
j − ω¯
b
jω
b
j)− 2g
2ω¯ai φ
a
i c¯
bcb
]
+s
∫
d4xλ
(
1
2A
a
µA
a
µ +
1
2ζ J
)
+ s
∫
d4x τ
[(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
)
+ 12κσ + ρ J
]
+s
∫
d4x
[
gεab
(
ηc¯acb + θ¯iφ
a
i c
b − ηiω¯
a
i c
b
)
+ 12β ηθ
]
= SYM +
∫
d4x
{
ibaDabµ A
b
µ − c¯
aMabcb + gεabc¯a(Dbcµ A
c
µ)c+ ib ∂µAµ + c¯ ∂µ(∂µc+ gε
abAaµc
b) + φ¯aiM
abφbi
−ω¯aiM
abωbi + ω¯
a
i F
abφbi + M¯
a
µiD
ab
µ φ
b
i + N¯
a
µi[D
ab
µ ω
b
i + gε
ab(∂µc+ gε
cdAcµc
d)φbi ] +N
a
µiD
ab
µ ω¯
b
i
+Maµi[D
ab
µ φ¯
b
i + gε
ab(∂µc+ gε
cdAcµc
d)ω¯bi ]− Ω
a
µD
ab
µ c
b − gεabKaµA
b
µc+ ξ
a
µ
[
gεab(Dbcµ c
c)c
−
g2
2
εabεcdAbµc
ccd
]
− Ωµ(∂µc+ gε
abAaµc
b) + gεabLacbc+
g
2
εabLcacb + gεabY¯ ai φ
b
ic− X¯
a
i
[
gεabωbi c
+
g2
2
εabεcdφbic
ccd
]
+ gεabXai ω¯
b
i c− Y
a
i
[
gεabφ¯bic−
g2
2
εabεcdω¯bi c
ccd
]
+ χ
(
M¯aµiM
a
µi + N¯
a
µiN
a
µi
)
+
α
2
[ baba + 2igεabbac¯bc− g2
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
) (
φ¯bjφ
b
j − ω¯
b
jω
b
j − c¯
bcb
)
− 2ig2ω¯ai φ
a
i b
bcb
+2g3ω¯ai φ
a
i ε
bcc¯bccc ] + 12J A
a
µA
a
µ + λA
a
µD
ab
µ c
b + σ
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
)
+ τ
(
ibaca − gεabc¯acbc
)
+
ζ
2
J2 + ρ Jσ +
κ
2
σ2 + gεab
(
θc¯acb + η¯iφ
a
i c
b + ηiφ¯
a
i c
b + θ¯iω
a
i c
b + θiω¯
a
i c
b
)
− igεabηbacb − g2ηc¯acac
−g2θ¯iφ
a
i c
ac+ g2ηiω¯
a
i c
ac+
β
2
θ2
}
. (70)
The expressions for the gluon and ghost propagators given in Sect.2 are easily derived by considering the relevant
quadratic terms of (70) and by replacing (J, σ, θ) by the more conventional mass parameters (m2, µ2, v2) originat-
ing from the corresponding dimension two condensates, i.e. m2 ∼ 〈AaµA
a
µ〉 [8], µ
2 ∼ 〈
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
)
〉 [32],
v2 ∼ 〈εabc¯acb〉 [14].
The action (70) constitutes our starting point in order to establish the renormalizability of the model.
4 Ward identities
It turns out that Σ fulfills the following set of Ward identities:
• The Slavnov-Taylor identity:
S(Σ) ≡
∫
d4x
[(
δΣ
δΩaµ
+
δΣ
δKaµ
)
δΣ
δAaµ
+
δΣ
δΩµ
δΣ
δAµ
+
δΣ
δLa
δΣ
δca
+
δΣ
δL
δΣ
δc
+ iba
δΣ
δc¯a
+ ib
δΣ
δc¯
+ωai
δΣ
δφai
+ φ¯ai
δΣ
δω¯ai
+Naµi
δΣ
δMaµi
− M¯aµi
δΣ
δN¯aµi
− (Ωaµ −K
a
µ)
δΣ
δξaµ
− Y¯ ai
δΣ
δX¯ai
+Xai
δΣ
δY ai
+ J
δΣ
δλ
+ σ
δΣ
δτ
+ θ
δΣ
δη
− θi
δΣ
δηi
+ η¯i
δΣ
δθ¯i
]
= 0 . (71)
• The four global W
(N)
i -identities which mix the Faddev-Popov ghost fields with the auxiliary localizing fields:
W
(N)
i (Σ) = 0 , (N = 1, 2, 3, 4) , (72)
11
Ω K ξ L Y Y¯ X X¯ λ τ J σ η θ ηi η¯i θi θ¯i
dim 3 3 3 4 3 3 3 3 2 2 2 2 2 2 3 3 3 3
gh. number −1 −1 −2 −2 −1 −1 0 −2 −1 −1 0 0 −1 0 −1 −1 0 −2
Q8-charge 0 0 0 0 1 −1 1 −1 0 0 0 0 0 0 1 −1 1 −1
Table 2: Quantum numbers of the external sources
where
W
(1)
i (Σ) ≡
∫
d4x
(
φai
δΣ
δc¯a
+ ca
δΣ
δφ¯ai
+Maµi
δΣ
δΩaµ
− Y ai
δΣ
δLa
− i
δΣ
δY¯ ai
δΣ
δba
− θ
δΣ
δη¯i
+ 2ηi
δΣ
δL
)
,
W
(2)
i (Σ) ≡
∫
d4x
(
ω¯ai
δΣ
δc¯a
− ca
δΣ
δωai
− N¯aµi
δΣ
δΩaµ
− X¯ai
δΣ
δLa
− i
δΣ
δXai
δΣ
δba
− θ
δΣ
δθi
+ 2θ¯i
δΣ
δL
)
,
W
(3)
i (Σ) ≡
∫
d4x
[(
δΣ
δY¯ ai
+ ωai
)
δΣ
δc¯a
+ i
δΣ
δX¯ai
δΣ
δba
+
(
δΣ
δφ¯ai
−Xai
)
δΣ
δLa
+ ca
δΣ
δω¯ai
−Maµi
δΣ
δξaµ
+Naµi
δΣ
δΩaµ
− θ
δΣ
δθ¯i
− 2θi
δΣ
δL
]
,
W
(4)
i (Σ) ≡
∫
d4x
[(
δΣ
δXai
− φ¯ai
)
δΣ
δc¯a
− i
δΣ
δY ai
δΣ
δba
+
(
δΣ
δωai
− Y¯ ai
)
δΣ
δLa
− ca
δΣ
δφai
+N¯aµi
δΣ
δξaµ
− M¯aµi
δΣ
δΩaµ
+ θ
δΣ
δηi
− 2η¯i
δΣ
δL
]
. (73)
• The global U(8) invariance:
Qij(Σ) = 0 , (74)
with
Qij =
∫
d4x
(
φai
δ
δφaj
− φ¯aj
δ
δφ¯ai
+ ωai
δ
δωaj
− ω¯aj
δ
δω¯ai
+Maµi
δ
δMaµj
− M¯aµj
δ
δM¯aµi
+Naµi
δ
δNaµj
−N¯aµj
δ
δN¯aµi
+ Y ai
δ
δY aj
− Y¯ aj
δ
δY¯ ai
+Xai
δ
δXaj
− X¯aj
δ
δX¯ai
+ ηi
δ
δηj
− η¯j
δ
δη¯i
+ θi
δ
δθj
− θ¯j
δ
δθ¯i
)
. (75)
The trace of (75) defines a new charge displayed in the Tables 1 and 2. This operator generalizes that of
eq.(47).
• The exact rigid symmetries:
Rij(Σ) ≡
∫
d4x
(
φai
δΣ
δωaj
− ω¯aj
δΣ
δφ¯ai
+Maµi
δΣ
δNaµj
+ N¯aµj
δΣ
δM¯aµi
+ Y ai
δΣ
δXaj
+ X¯aj
δΣ
δY¯ ai
−ηi
δΣ
δθj
− θ¯j
δΣ
δη¯i
)
= 0 ,
R
(1)(Σ) ≡
∫
d4x
(
ω¯ai
δΣ
δωai
− N¯aµi
δΣ
δNaµi
+ X¯ai
δΣ
δXai
− θ¯i
δΣ
δθi
)
= 0 ,
R
(2)(Σ) ≡
∫
d4x
(
ω¯ai
δΣ
δφai
− φ¯ai
δΣ
δωai
− N¯aµi
δΣ
δMaµi
− M¯aµi
δΣ
δNaµi
+ X¯ai
δΣ
δY ai
+ Y¯ ai
δΣ
δXai
+θ¯i
δΣ
δηi
+ η¯i
δΣ
δθi
)
= 0 . (76)
• The diagonal gauge fixing condition:
δΣ
δb
= i∂µAµ . (77)
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• The diagonal anti-ghost equation:
δΣ
δc¯
+ ∂µ
δΣ
δΩµ
= 0 . (78)
• The SL(2,R) symmetry:
D(Σ) ≡
∫
d4x
(
ca
δΣ
δc¯a
− i
δΣ
δLa
δΣ
δba
− 2θ
δΣ
δL
)
= 0 . (79)
• The local U(1) invariance:
W3(Σ) = −i∂2b , (80)
with
W3 ≡ ∂µ
δ
δAµ
+ gεab
∑
Y∈Off
Ya
δ
δYb
, (81)
where
Off =
{
Aaµ, b
a, c¯a, ca, φ¯ai , φ
a
i , ω¯
a
i , ω
a
i ,Ω
a
µ,K
a
µ, ξ
a
µ, L
a, X¯ai , X
a
i , Y¯
a
i , Y
a
i , M¯
a
µi,M
a
µi, N¯
a
µi, N
a
µi
}
. (82)
• The BRST on-shell invariance of the general operator (OA2 + αOf¯f ):
U(Σ) ≡
∫
d4x
(
δΣ
δλ
+ α
δΣ
δτ
− ica
δΣ
δba
− 2η
δΣ
δL
)
= 0 . (83)
5 Algebraic characterization of the most general counterterm
We can face now the issue of the renormalizability of the starting action Σ. We shall employ the algebraic
renormalization [38] and look for the most general invariant counterterm which can be freely added to all orders
of perturbation theory. To that purpose we perturb the classical action Σ by adding an arbitrary integrated local
polynomial ΣCT in the fields and external sources of dimension bounded by four, zero ghost number and zero
Q8-charge. Requiring thus the perturbed action, Σ + ǫΣCT, satisfies the same Ward identities as Σ to the first
order in the perturbation parameter ǫ, we get:
S(Σ + ǫΣCT) = 0 +O(ǫ
2) ,
δ
δb
(Σ + ǫΣCT) = i∂µAµ + O(ǫ
2) ,( δ
δc¯
+ ∂µ
δ
δΩµ
)
(Σ + ǫΣCT) = 0 +O(ǫ
2) ,
W
(N)
i (Σ + ǫΣCT) = 0 +O(ǫ
2) , (N = 1, 2, 3, 4) ,
Rij(Σ + ǫΣCT) = 0 +O(ǫ
2) ,
R
(K)(Σ + ǫΣCT) = 0 +O(ǫ
2) , (K = 1, 2) ,
Qij(Σ + ǫΣCT) = 0 +O(ǫ
2) ,
D(Σ + ǫΣCT) = 0 +O(ǫ
2) ,
W3(Σ + ǫΣCT) = −i∂
2b+O(ǫ2) ,
U(Σ + ǫΣCT) = 0 +O(ǫ
2) . (84)
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This amounts to imposing the following conditions on ΣCT
SΣΣCT = 0 ,
δ
δb
ΣCT = 0 ,( δ
δc¯
+ ∂µ
δ
δΩµ
)
ΣCT = 0 ,
W
Σ(N)
i ΣCT = 0 , (N = 1, 2, 3, 4) ,
RijΣCT = 0 ,
R
(K)ΣCT = 0 , (K = 1, 2) ,
QijΣCT = 0 ,
DΣΣCT = 0 ,
W3ΣCT = 0 ,
U ΣCT = 0 , (85)
where SΣ is the nilpotent linearized Slavnov-Taylor operator,
SΣSΣ = 0 , (86)
SΣ =
∫
d4x
[(
δΣ
δΩaµ
+
δΣ
δKaµ
)
δ
δAaµ
+
δΣ
δAaµ
(
δ
δΩaµ
+
δ
δKaµ
)
+
δΣ
δΩµ
δ
δAµ
+
δΣ
δAµ
δ
δΩµ
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
+
δΣ
δL
δ
δc
+
δΣ
δc
δ
δL
+ iba
δ
δc¯a
+ ib
δ
δc¯
+ ωai
δ
δφai
+ φ¯ai
δ
δω¯ai
+Naµi
δ
δMaµi
− M¯aµi
δ
δN¯aµi
−(Ωaµ −K
a
µ)
δ
δξaµ
− Y¯ ai
δ
δX¯ai
+Xai
δ
δY ai
+ J
δ
δλ
+ σ
δ
δτ
+ θ
δ
δη
− θi
δ
δηi
+ η¯i
δ
δθ¯i
]
, (87)
while W
Σ(N)
i , with N = 1, . . . , 4, and DΣ are the linearized operators corresponding to the Ward identities (73)
and (79), respectively, and they are given by
W
Σ(1)
i =
∫
d4x
(
φai
δ
δc¯a
+ ca
δ
δφ¯ai
+Maµi
δ
δΩaµ
− Y ai
δ
δLa
− i
δΣ
δY¯ ai
δ
δba
− i
δΣ
δba
δ
δY¯ ai
− θ
δ
δη¯i
+ 2ηi
δ
δL
)
,
W
Σ(2)
i =
∫
d4x
(
ω¯ai
δ
δc¯a
− ca
δ
δωai
− N¯aµi
δ
δΩaµ
− X¯ai
δ
δLa
− i
δΣ
δXai
δ
δba
− i
δΣ
δba
δ
δXai
− θ
δ
δθi
+ 2θ¯i
δ
δL
)
,
W
Σ(3)
i =
∫
d4x
[(
δΣ
δY¯ ai
+ ωai
)
δ
δc¯a
+
δΣ
δc¯a
δ
δY¯ ai
+ i
δΣ
δX¯ai
δ
δba
+ i
δΣ
δba
δ
δX¯ai
+
(
δΣ
δφ¯ai
−Xai
)
δ
δLa
+
δΣ
δLa
δ
δφ¯ai
+ ca
δ
δω¯ai
−Maµi
δ
δξaµ
+Naµi
δ
δΩaµ
− θ
δ
δθ¯i
− 2θi
δ
δL
]
,
W
Σ(4)
i =
∫
d4x
[(
δΣ
δXai
− φ¯ai
)
δ
δc¯a
+
δΣ
δc¯a
δ
δXai
− i
δΣ
δY ai
δ
δba
− i
δΣ
δba
δ
δY ai
+
(
δΣ
δωai
− Y¯ ai
)
δ
δLa
+
δΣ
δLa
δ
δωai
− ca
δ
δφai
+ N¯aµi
δ
δξaµ
− M¯aµi
δ
δΩaµ
+ θ
δ
δηi
− 2η¯i
δ
δL
]
, (88)
and
DΣ =
∫
d4x
(
ca
δ
δc¯a
− i
δΣ
δLa
δ
δba
− i
δΣ
δba
δ
δLa
− 2θ
δ
δL
)
. (89)
For further use, let us write some useful commutation and anticommutation relations{
W
Σ(1)
i ,SΣ
}
= W
Σ(3)
i ,
[
W
Σ(2)
i ,SΣ
]
= W
Σ(4)
i ,
{Rij ,SΣ} = Qij ,
[
R
(1),SΣ
]
= R(2) ,[
W3,SΣ
]
= 0 , {U ,SΣ} = DΣ .
(90)
From the second and the third constraints of (85) it follows that ΣCT is independent from the diagonal Lagrange
multiplier b, and that the diagonal antighost c¯ enters only through the combination (Ωµ + ∂µc¯). Furthermore,
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from general results on the cohomology of gauge theories [38], it turns out that the most general solution of the
constraint SΣΣCT = 0, i.e. the first of eqs.(85), can be written as
ΣCT = a0 SYM + SΣ∆
(−1) , (91)
with ∆(−1) being an integrated local polynomial with ghost number −1, given by
∆(−1) =
∫
d4x
[
a1Ω
a
µA
a
µ + a2K
a
µA
a
µ + a3 ξ
a
µ gε
abAbµc+ a4 ξ
a
µ ∂µc
a + a5 ξ
a
µ gε
abAµc
b + a6 (∂µc¯
a)Aaµ
+a7 (Ωµ + ∂µc¯)Aµ + a8 c
aLa + a9 cL+ a10 X¯
a
i gε
abφbic+ a11 X¯
a
i ω
a
i + a12 Y
a
i gε
abω¯bi c
+a13 Y
a
i φ¯
a
i + a14 Y¯
a
i φ
a
i + a15X
a
i ω¯
a
i + a16 N¯
a
µi ∂µφ
a
i + a17 N¯
a
µi gε
abAµφ
b
i + a18M
a
µi ∂µω¯
a
i
+a19M
a
µi gε
abAµω¯
b
i + a20 ib
ac¯a + a21 gε
abc¯ac¯bc+ a22 gε
abc¯aAµA
b
µ + a23 ω¯
a
i φ
a
i φ¯
b
jφ
b
j
+a24 ω¯
a
i φ
a
i ω¯
b
jω
b
j + a25 ω¯
a
i φ
b
i φ¯
a
jφ
b
j + a26 ω¯
a
i φ
b
i ω¯
a
j ω
b
j + a27 ω¯
a
i φ
b
i φ¯
b
jφ
a
j + a28 ω¯
a
i φ
b
i ω¯
b
jω
a
j
+a29 ω¯
a
i φ
a
j φ¯
b
iφ
b
j + a30 ω¯
a
i φ
b
j φ¯
a
i φ
b
j + a31ω¯
a
i φ
a
j ω¯
b
iω
b
j + a32 ω¯
a
i φ
a
i c¯
bcb + a33 ω¯
a
i φ
b
i c¯
acb
+a34 ω¯
a
i φ
b
i c¯
bca + a35 ω¯
a
i φ
a
iAµAµ + a36 ω¯
a
i φ
a
iA
b
µA
b
µ + a37 ω¯
a
i φ
b
iA
a
µA
b
µ + a38 ω¯
a
i ∂
2φai
+a39 ω¯
a
i gε
abAµ∂µφ
b
i + a40 ω¯
a
i gε
ab(∂µAµ)φ
b
i + a41 χN¯
a
µiM
a
µi +
1
2 (a42 λ+ a43 τ)A
a
µA
a
µ
+ 12 (a44 λ+ a45 τ)AµAµ + (a46 λ+ a47 τ)c¯
aca + (a48 λ+ a49 τ)φ¯
a
i φ
a
i + (a50 λ+ a51 τ)ω¯
a
i ω
a
i
+(a52 J + a53 σ)ω¯
a
i φ
a
i + (a54 J + a55 σ)λ + (a56 J + a57 σ)τ + a58 η ∂µAµ + a59 η θ
+gεab
(
a60 η c¯
acb + a61 η φ¯
a
i φ
b
i + a62 η ω¯
a
i ω
b
i + a63 θ ω¯
a
i φ
b
i + a64 θ¯iφ
a
i c
b + a65 ηiω¯
a
i c
b
)]
, (92)
where the coefficients an, n = 0, . . . , 65, are free dimensionless parameters. Notice also that in the derivation of
expression (92) use has been made of the fact that the action Σ, and thus ΣCT, are left invariant by the following
discrete symmetry
Y1 → Y1, Y2 → −Y2, Y diag → −Y diag, Y → Y, (93)
where Ya, with a = 1, 2, stands for the elements of the off-diagonal set (82), while Y diag for the diagonal sector
Y diag ∈
{
Aµ, b, c, c¯,Ωµ, L, η, θ, ηi, η¯i, θi, θ¯i
}
, (94)
and Y the sources λ, τ , J , σ. As one can easily recognize, this symmetry plays the role of the charge conjugation.
After a quite lengthy calculation one finds that the most general expression for ∆(−1) compatible with all constraints
(85) and the discrete symmetry (93) is
∆(−1) =
∫
d4x
{
(a1 + a2)
(
ΩaµA
a
µ + gε
abξaµA
b
µc
)
+ (a2 + a4)ξ
a
µD
ab
µ c
b + (a1 − a4 + a8)
(
N¯aµiD
ab
µ φ
b
i −M
a
µiD
ab
µ ω¯
b
i
)
−(a6 + a8)ω¯
a
iM
abφbi − a6 c¯
aDabµ A
b
µ + a8 L
aca + a9 Lc+ a41 χ N¯
a
µiM
a
µi + a20(ic¯
aba − gεabc¯ac¯bc)
−(−αa8 − a20)g
2ω¯ai φ
a
i (φ¯
b
jφ
b
j − ω¯
b
jω
b
j) + (−αa8 − 2a20)g
2ω¯ai φ
a
i c¯
bcb + 12 (a8 − a6 − αa43)λA
a
µA
a
µ
+ 12a43 τA
a
µA
a
µ − (−αa8 + 2a20 − αa47)λ
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
)
− (a8 + a47) τ
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i
)
+ a47 τ c¯
aca
−(a8 − a9)gε
ab(ηc¯acb + θ¯iφ
a
i c
b − ηiω¯
acb) + a54 Jλ+ a55 σλ+ a56 Jτ + a57 στ + a59 ηθ
}
. (95)
Noticing that
Jτ = σλ + SΣ(λτ) , (96)
and renaming the coefficients as
a1 + a2 → a1, a2 + a4 → −a2, a8 → a3,
a6 → a4, a9 → a5, a41 → a6, a20 → −
1
2αa7,
a43 → a8, a47 → a9, a54 → a10
1
2ζ,
a55 + a56 → a11 ρ, a57 → a12
1
2κ, a59 → a13
1
2β, (97)
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we get
∆(−1) =
∫
d4x
{
a1
(
ΩaµA
a
µ + gε
abξaµA
b
µc
)
− a2ξ
a
µD
ab
µ c
b + (a1 + a2 + a3)
(
N¯aµiD
ab
µ φ
b
i −M
a
µiD
ab
µ ω¯
b
i
)
+a3L
aca − (a3 + a4)ω¯
a
iM
abφbi − a4 c¯
aDabµ A
b
µ + a5 Lc+ a6 χ N¯
a
µiM
a
µi −
α
2
a7(ic¯
aba − gεabc¯ac¯bc)
−
α
2
(a7 − 2a3)g
2ω¯ai φ
a
i (φ¯
b
jφ
b
j − ω¯
b
jω
b
j) + α(a7 − a3)g
2ω¯ai φ
a
i c¯
bcb + 12 (a3 − a4 − αa8)λA
a
µA
a
µ
+ 12a8 τA
a
µA
a
µ + α(a3 + a7 + a9)λ
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i − c¯
aca
)
− (a3 + a9) τ
(
φ¯ai φ
a
i − ω¯
a
i ω
a
i
)
+ a9 τ c¯
aca
−(a3 − a5)gε
ab(ηc¯acb + θ¯iφ
a
i c
b − ηiω¯
acb) + a10
1
2ζ Jλ+ a11 ρ σλ+ a12
1
2κστ + a13
1
2β ηθ
}
, (98)
so that for the counterterm ΣCT we get
ΣCT =
∫
d4x
{
(a0 + 2a1)
[
1
2
(∂µA
a
ν)(∂µA
a
ν − ∂νA
a
µ)− gε
ab(∂µA
a
ν)(AµA
b
ν −AνA
b
µ) + gε
ab(∂µAν)A
a
µA
b
ν
+
g2
2
(AµAµA
a
νA
a
ν +AµAνA
a
µA
a
ν)
]
+
a0
2
(∂µAν)(∂µAν − ∂νAµ) + (a0 + 4a1)
g2
4
AaµA
a
µA
b
νA
b
ν
+i(a1 − a4)b
aDabµ A
b
µ − (a3 + a4)
[
c¯a∂2ca − c¯agεab(∂µAµ)c
b − 2c¯agεabAµ∂µc
b − g2c¯acaAµAµ
]
+(a3 + a4)
[
φ¯ai ∂
2φai − φ¯
a
i gε
ab(∂µAµ)φ
b
i − 2φ¯
a
i gε
abAµ∂µφ
b
i − g
2φ¯ai φ
a
iAµAµ
]
−(a3 + a4)
[
ω¯ai ∂
2ωai − ω¯
a
i gε
ab(∂µAµ)ω
b
i − 2ω¯
a
i gε
abAµ∂µω
b
i − g
2ω¯ai ω
a
iAµAµ
]
+(2a1 − a3 − a4)g
2εacεbd(c¯acb − φ¯ai φ
b
i + ω¯
a
i ω
b
i )A
c
µA
d
µ + (a1 − a4 − a5)gε
abc¯acDbcµ A
c
µ
−(a1 − a3)(Ωµ + ∂µc¯)gε
abAaµc
b + (a1 − 2a3 − a4)
[
2g2εabεcdω¯ai A
c
µc
d∂µφ
b
i + g
2εabεcdω¯ai ∂(A
c
µc
d)φbi
+2g3εbcω¯ai φ
a
iAµA
b
µc
c − g2(εacεbd + εadεbc)ω¯ai A
d
µ(D
ce
µ c
e)φbi
]
+ (2a1 − a3 − a4 − a5)g
3(δaeεbd + δbeεad)
×ω¯ai A
d
µA
e
µφ
b
ic− (a2 + 2a3)g
2εabεcd(N¯aµiφ
b
i +M
a
µiω¯
b
i )A
c
µc
d + (a1 + a2 + a3)Ω
a
µD
ab
µ c
b − a2K
a
µD
ab
µ c
b
+a5gε
abKaµA
b
µc− (a1 + a2 + a3 + a5)gε
abξaµ(D
bc
µ c
c)c+ (a2 + 2a3)
g2
2
εabεcdξaµA
b
µc
ccd − a5gε
abLacbc
−(2a3 − a5)
g2
2
εabLcacb + a5(Ωµ + ∂µc¯)∂µc+ a3g
2εabεcd(X¯ai φ
b
i − Y
a
i ω¯
b
i )c
ccd − a5gε
ab(Y¯ ai φ
b
i − X¯
a
i ω
b
i
+Xai ω¯
b
i − Y
a
i φ¯
b
i )c− (a3 + a4 + a5)
[
2gεabω¯ai (∂µc)∂µφ
b
i + gε
abω¯ai (∂
2c)φbi + 2g
2ω¯ai φ
a
iAµ∂µc
]
+(a1 + a2 + a3 + a5)gε
ab(∂µc)(N¯
a
µiφ
b
i −M
a
µiω¯
b
i )− (a1 + a2 + a3)(M¯
a
µiD
ab
µ φ
b
i + N¯
a
µiD
ab
µ ω
b
i +M
a
µiD
ab
µ φ¯
b
i
+NaµiD
ab
µ ω¯
b
i )− a6 χ(M¯
a
µiM
a
µi + N¯
a
µiN
a
µi) +
α
2
[
a7b
aba + 2i(a7 − a5)gε
abbac¯bc− g2(a7 − 2a3)
(
φ¯ai φ
a
i
−ω¯ai ω
a
i − c¯
aca
)(
φ¯bjφ
b
j − ω¯
b
jω
b
j − c¯
bcb
)
− 2ig2(a7 − 2a3)ω¯
a
i φ
a
i b
bcb + 2g3(a7 − 2a3 − a5)ω¯
a
i φ
a
i ε
bcc¯bccc
]
+(2a1 + a3 − a4 − αa8)
1
2JA
a
µA
a
µ + (a1 − a4 − αa8)λA
a
µD
ab
µ c
b + (a3 + a9)
(
σc¯aca − iτbaca
)
+(a3 + a5 + a9)τgε
abc¯acbc− (2a3 − a5)gε
ab
(
θc¯acb + η¯iφ
a
i c
b + ηiφ¯
a
i c
b + θ¯iω
a
i c
b + θiω¯
a
i c
b − iηbacb
)
+2g2a3
(
ηc¯acac+ θ¯iφ
a
i c
ac− ηiω¯
a
i c
ac
)
+ a8
1
2σA
a
µA
a
µ + a8τA
a
µD
ab
µ c
b + α(a3 + a7 + a9)
[
J
(
φ¯ai φ
a
i
−ω¯ai ω
a
i − c¯
aca
)
+ λ(ibaca − gεabc¯acbc)
]
− (a3 + a9)σ(φ¯
a
i φ
a
i − ω¯
a
i ω
a
i
)
+ a10
ζ
2
J2 + a11 ρ Jσ
+a12
κ
2
σ2 + a13
β
2
θ2
}
. (99)
After the characterization of the most general local counterterm ΣCT compatible with all constraints, eqs.(85), we
still have to check if it can be reabsorbed through a multiplicative redefinition of the fields, sources and parameters
of the starting action Σ, according to
Σ[Ψ0, ψ0,J0, ϑ0,Ω0,K0, λ0, τ0, J0, σ0] = Σ[Ψ, ψ,J , ϑ,Ω,K, λ, τ, J, σ] + ǫΣCT +O(ǫ
2) , (100)
where
Ψ0 = Z˜
1/2
Ψ Ψ , ψ0 = Z
1/2
ψ ψ , J0 = ZJ J , ϑ0 = Zϑ ϑ, (101)
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with
Ψ ≡ {Aaµ, b
a, ca, c¯a} ,
ψ ≡ {Aµ, b, c, c¯, φ
a
i , φ¯
a
i , ω
a
i , ω¯
a
i } ,
J ≡ {ξaµ, L
a, L,Ωµ, X
a
i , X¯
a
i , Y
a
i , Y¯
a
i ,M
a
µi, M¯
a
µi, N
a
µi, N¯
a
µi, η, θ, η¯i, ηi, θ¯i, θi} ,
ϑ ≡ {g, α, χ, ζ, ρ, κ, β} . (102)
Moreover, by taking into account the mixing of the sources displaying the same quantum numbers, i.e, (Ωaµ,K
a
µ),
(λ, τ) and (J, σ), we shall set(
Ω a0µ
K a0µ
)
= ZΩK
(
Ωaµ
Kaµ
)
,
(
λ0
τ0
)
= Zλτ
(
λ
τ
)
,
(
J0
σ0
)
= ZJσ
(
J
σ
)
, (103)
where the Z-matrices are given by
ZΩK = I+ ǫ
(
zΩ zΩK
zKΩ zK
)
, Zλτ = I+ ǫ
(
zλ zλτ
zτλ zτ
)
, ZJσ = I+ ǫ
(
zJ zJσ
zσJ zσ
)
. (104)
By direct inspection of ΣCT, the renormalization factors are found to be
Z
1/2
A = Z
−1
g , Z˜
1/2
c¯ = Z˜
1/2
c ,
Z˜
1/2
b = ZgZ
−1/2
c¯ Z˜
1/2
c , Z
1/2
b = Zg,
Z
1/2
φ = Z
1/2
φ¯
= Z˜
1/2
c ,
Z
1/2
ω¯ = Z
−1
g Z
1/2
c¯ Z˜
1/2
c , Z
1/2
ω = ZgZ
−1/2
c¯ Z˜
1/2
c ,
ZM¯ = ZM , ZN = ZgZ
−1/2
c¯ ZM , ZN¯ = Z
−1
g Z
1/2
c¯ ZM ,
ZX = Z˜
−1/2
c , ZX¯ = Z
−2
g Zc¯Z˜
−1/2
c ,
ZY = ZY¯ = Z
−1
g Z
1/2
c¯ Z˜
−1/2
c ,
Zθ = Zη¯i = Zηi = Z
−1
g Z
1/2
c¯ Z
−1/2
c ,
Zη = Zθ¯i = Z
−2
g Zc¯Z
1/2
c , Zθi = Z
−1/2
c ,
Z˜L = Z
−1
g Z
1/2
c¯ Z˜
−1/2
c , ZL = Z
−1
g Z
1/2
c¯ Z
−1/2
c ,
Zξ = ZM , ZΩ = Z
1/2
c¯ , (105)
with
Z˜
1/2
A = 1 + ǫ
(a0
2
+ a1
)
, Zg = 1− ǫ
a0
2
,
Z˜1/2c = 1− ǫ
a3 + a4
2
, Z
1/2
c¯ = 1− ǫ
a3 − a4
2
,
Z1/2c = 1 + ǫ
(a3 − a4
2
− a5
)
,
ZM = 1− ǫ
(
a1 + a2 +
a3 − a4
2
)
,
Zχ = 1 + ǫ
(
2a1 + 2a2 + a3 − a4 − a6
)
,
Zα = 1 + ǫ
(
a0 + 2a4 + a7
)
,
Zζ = 1 + ǫ
[
2a0 − 2
(
1 + α
ρ
ζ
)
a3 + 2a4 − 2α
ρ
ζ
a7 + 2αa8 − 2α
ρ
ζ
a9 + a10
]
,
Zρ = 1 + ǫ
[
a0 − (1 + α)a3 + a4 − αa7 −
(
−α+
ζ
ρ
)
(a8 − a9) + a11
]
,
Zκ = 1− ǫ
[
2a4 + 2
ρ
κ
a8 − 2a9 − a12
]
,
Zβ = 1− ǫ
(
a0 − 2a3 + 2a4 + 2a5 − a13
)
, (106)
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and
ZΩK = I+ ǫ
 −a1 − a2 − 12 (a3 − a4) a2
0 −a1 −
1
2 (a3 − a4)
 ,
Zλτ = I+ ǫ
 − 12 (a0 − a3 + a4)− αa8 a8
+α(a3 + a7 + a9)
1
2 (a0 − a3 + 3a4)− a9
 ,
ZJσ = I+ ǫ
 −a0 + a3 − a4 − αa8 a8
+α(a3 + a7 + a9) a4 − a9
 . (107)
This concludes the proof of the renormalizability of the complete calssical starting action Σ.
6 Conclusion
In this paper the gluon and ghost propagators have been investigated by taking into account the effects of the Gribov
copies as well as of dimension two operators. The output of our results is summarized in Sect.2, where the ex-
pressions for the tree level propagators can be found, being in good agreement with the most recent lattice data [31].
Certainly, much work is needed in order to reach a better understanding of the maximal Abelian gauge. Nev-
ertheless, the results which we have obtained enable us to strengthen the fact that the agreement with the lattice
data has been obtained only when the effects of the Gribov copies and of the dimension two operators have been
simultaneously encoded in the starting Lagrangian, which enjoys the important property of being renormalizable.
This point can be better clarified by the following considerations:
• The quantization procedure and the issue of the Gribov copies
The starting point to analyze Yang-Mills theories at the quantum level is by means of the Faddeev-Popov
quantization formula, based on the introduction of a gauge fixing and of the corresponding ghost term. It is
known that such a procedure is plagued by the existence of the Gribov copies. A full resolution of this issue,
amounting to restrict the domain of integration in the Feynman path integral to the fundamental modular
region, is still unavailable. A partial solution to this problem consists of restricting the domain of integration
to the Gribov region Ω, which is still affected by Gribov copies. Although this procedure does not eliminate
all copies, it has the advantage of being effectively implementable. As we learn from the work of Zwanziger
[22, 23] in the Landau gauge, the restriction to the region Ω is achieved through the introduction in the
Yang-Mills action of a nonlocal operator, known as the horizon function. This nonlocal operator can be cast
in local form by introducing a set of additional localizing fields. Remarkably, the resulting local action turns
out to be renormalizable [22, 23]. This procedure has been successfully adapted to the maximal Abelian
gauge [10, 13]. A second point to be noticed is that the introduction of the horizon function in its local form
is equivalent to the introduction of a specific dimension two operator. In fact, the Gribov-Zwanziger gap
equation [21, 22, 23] determining the Gribov parameter γ, namely
δΓ
δγ
= 0 , (108)
with Γ being the 1PI effective action, is equivalent to require the existence of a nonvanishing dimension two
condensate. In the case of the Landau gauge, this condensate is given by [22, 23]
〈fABCAAµ (x)(φ
BC
µ (x)− φ¯
BC
µ (x))〉 6= 0 , (109)
where φBCµ , φ¯
BC
µ stand for the localizing fields and the indices A,B,C belong to the adjoint representation of
SU(2). In the case of the maximal Abelian gauge the corresponding condensate is given by 〈εabAµ(x)(φ
ab
µ (x)−
φ¯abµ (x)〉. The same feature holds in the Coulomb gauge, see [39] for a review.
• Introduction of the dimension two operators
As mentioned before, the inclusion of the horizon function is equivalent to the introduction of a dimension
18
two field operator in the localizing fields. Therefore, we can look for other dimension two operators which can
be added to the theory, provided one is able to maintain renormalizability. From this point of view, the intro-
duction of the three dimension two operators OA2 =
1
2 A
a
µA
a
µ, Of¯f = (φ¯
b
iφ
b
i − ω¯
b
iω
b
i − c¯
bcb), Oghost = (ε
abc¯acb)
looks very natural. It is remarkable that these three operators can be simultaneously added to the horizon
term in a way which preserves renormalizability. We also notice that all three operators considered here have
their analogue in the Landau gauge, see [7, 28] and refs. therein. In much the same way as the horizon
function, these operators carry nonperturbative information, encoded in the corresponding condensates.
The good agreement of our results with the lattice data can be taken as evidence of the fact these di-
mension two operators play a relevant role in the infrared. For example, without the introduction of the two
operators Of¯f , Oghost, the infrared behavior of the off-diagonal ghost propagator would be deeply different
from that of eq.(12). Instead, it would have displayed an enhanced behavior of the type 1/k4, as reported
in our previous investigation [10], where only the horizon function and the gluon condensate OA2 were taken
into account. The same occurs for the diagonal gluon propagator, eq.(8). Without the introduction of Of¯f
it would be vanishing at k = 0.
We remark that the same features have been detected in the Landau gauge, where the most recent lat-
tice data [40, 41, 42] point towards a finite and nonvanishing gluon propagator at k = 0, while exhibiting a
less enhanced ghost propagator. As discussed in [28] these features can be accounted for by considering the
effects of dimension two operators, which nicely fit within the Gribov-Zwanziger framework.
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